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Abstract 

An (algebraic) extended bilinear Hilbert semispace is proposed as being 
the natural representation space for the algebras of von Neumann. This bilinear 
Hilbert semispace has a well defined structure given by the representation space 
Ilepsp{GLn{Ly X Lv)) of an (algebraic) complete bilinear semigroup GLn{Ly x L^) 
over the product of sets of completions characterized by increasing ranks. 

This representation space is a GLn{L^^^ x Lj}"'''-')-bisemimodule M^^^^ (g) M^^^ , 
decomposing into subbisemimodules according to the pseudounramified or pseudo- 
ramified conjugacy classes of GLn{L^^^ xL^^^) , and is in one-to-one correspondence 
with its cuspidal representation according to the Langlands global program. 

In this context, towers of von Neumann subbisemialgebras on graded bilinear 
Hilbert subsemispaces, of which structures are these subbisemimodules, are con- 
structed algebraically which allows to envisage the classification of the factors of von 
Neumann from an algebraic point of view. 
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Introduction 

The first essential step of this paper consists in building up a bilinear mathematical frame 
for the representations of the von Neumann algebras in such a way that the most convenient 
representation space be essentially an extended bilinear Hilbert semispace characterized 
by a non-orthogonal basis. 

Considering that the representation space of a von Neumann algebra must be the 
enveloping algebra [13] of the Hilbert (semi)module on which this von Neumann algebra 
acts, an extended bilinear Hilbert semispace is then proposed whose Hilbert bisemimodule 
constitutes the searched enveloping semialgebra [30]: this constitutes the content of chapter 
1 [29]. 

In this perspective, an algebraic (real) extended bilinear Hilbert semispace and an 
analytic (complex) extended bilinear Hilbert semispace are constructed and proved to 
be the natural representation spaces for the algebras of elliptic operators. In this context, 
semialgebras and bisemialgebras of von Neumann on the spaces and are introduced 
according to the general treatment of semistructures and bisemistructures introduced in 
[30]. 

The generation of algebraic bilinear Hilbert semispaces is related to the bilinear Eisen- 
stein cohomology which constitutes the algebraic pillar of the bilinear global program of 
Langlands introduced in [29]. More concretely, we are interested in the representation 
space Repsp{GLn{Ly x L^)) of a bilinear general semigroup over the product {Ly x Ly) 
of sets of pseudoramified real completions, at infinite archimedean places, whose ranks (or 
degrees) are integers modulo N in such a way that: 

• GLn{Ly X L„) has the Gauss bilinear decomposition into the product of subgroups 
of diagonal matrices by the subgroups of upper and lower unitriangular matrices; 

• GLn{Ly X Ly) — T^{Ly) X Tn{Ly) has for representation space the tensor product 
[Mr® Ml) of a right T*(L,;)-semimodule Mr by a left T„(L„)-semimodule Ml such 
that Ml (resp. Mr ) decomposes into T'n(L„.)-subsemimodules M„. (resp. r*(Lij.)- 
subsemimodules M^. ) according to the left (resp. right) archimedean places vi 
(resp. Vi ) of L„ (resp. Ly ) and so that the set of left (resp. right) subsemimodules 
My. (resp. My. ) corresponds to the set of left (resp. right) conjugacy classes of 

GLn(Ly X Ly) . 
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The bilinear Eisenstein cohomology (semi) group is the cohomology of the Shimura 
bisemivariety given by 

dSa^^, = Pn{L^^ X V) \ GK{Ll x Ll)/GK{{'L / N Zf) 

where 

• Pn{Ljji X Lyi) is a bihnear parabohc subsemigroup over the product, right by left, of 
sets of irreducible real completions having a rank N ; 

• GLniCZj / N is a bilinear arithmetic subsemigroup constituting the representa- 
tion of the tensor product of Hecke operators and having a representation in a Hecke 
bilattice; 

• and are symmetric (real) algebraic (semi)fields. 

Then, the bilinear Eisenstein cohomology 

H''{dSG^^„M]^ ® Ml^)) ~ Repsp(GL2,(L^ x L„)) , 2j < n , 

of the Shimura bisemivariety dSon^r^ has coefficients in the (bisemi) sheaf M'^ M"^ over 
the GL2j{Ly X L^)-bisemimodule (M^^ M^^) and is in bijection with the representation 
space of the complete bilinear algebraic semigroup GL2j{Ly x L„) . 

Furthermore, the complete reducibility of Repsp{GL2n{Ly x L„)) induces the decom- 
position of the bilinear Eisenstein cohomology into (irreducible) two-dimensional bilinear 
Eisenstein cohomologies. 

On the other hand, the analytic pillar of the global program of Langlands is given by the 
cuspidal representation of the coefficients of the bilinear Eisenstein cohomology in terms of 
products, right by left, of global eUiptic semimodules which are (truncated) Fourier series 
over IR whose number of terms corresponds to the number of conjugacy classes of the 
general bilinear semigroup GL2j{Ly x L^) . 

The Eisenstein and analytic de Rham cohomologies are considered and recalled to be 
isomorphic [21] from which it results that (bi)semialgebras of von Neumann on the algebraic 
and analytic bilinear Hilbert semispaces and are isomorphic: 

M R,L (H^) ~ M R,L (H^) . 
RxL RxL 
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The action of a (differential) bioperator (T^ ® T^) G M/jxL(-f^^) of rank (m x m) , 
with m < n , (associated with a principal GLm{Si x iR)-bundle) on the (n x n)- dimensional 
(bisemi)sheaf {Mn^ Ml) consists in mapping {Mji^ M^) into the corresponding (bisemi)- 
sheaf (Mr , , Mr , ,) shifted into (m x m) dimensions such that (Mn , , Mr , ,) 
decomposes into subbisemisheaves according to: 

• the pseudoramified conjugacy classes gR{i) x giii) , 1 < « < ? , of GLn{Ly x L^) 
where " i " denotes a global residue degree; 

or • according to the pseudounramified conjugacy classes 7R(i) x 7l(^) , 1 < « < ? , of 
the pseudounramifed bilinear semigroup GLn{L'^'^ x L^'') over sets L^'' and Lg^ of 
pseudounramified completions; 

in such a way that: 

• (Mij^j^j Ml^j^j ) be the coefficient system of the shifted bihnear Eisenstein coho- 
mology //^^-^'=(a5G«,,^„(^,,Mg^.p,, ® M^^^p,,) where 

9Sg,,,,„,^, ^Pn[m]{{L^^ ® ^) X (L,i ® iR)) 

\GL^lm]{{L+®IR) X {Ll®M))lGL^^m]{'^/NZf®m?) 

is the shifted Shimura bisemivariety; 

• (M'^^^^^^^ ® M^-^^^^^j) decomposes into shifted subbisemisheaves according to the pseu- 
doramified or pseudounramified conjugacy classes of GL2j{L^^^ x L^^^) in such a way 
that the pseudoramified conjugacy classes correspond to the cosets of G'L„[^]((Lj (8) 
m) X (L+ ® iR)) /G'L„[„](Z /NZf® IR^) . 

As in the unshiftcd case, the shifted bilinear Eisenstein cohomology decomposes into 
direct sum of completely irreducible orthogonal or nonorthogonal shifted bilinear Eisenstein 
cohomologies. 

Taking into account the decomposition of the complete algebraic (resp. analytic) 
G'L,(4"''^x4"''))-bisemimodule (mJ^^^'^^M^"'')) (resp. (M^'^^^^^M^'^"")) ) into subbisemi- 
modules according to its pseudounramified or pseudoramified conjugacy classes, the com- 
plete algebraic (resp. analytic) extended bilinear Hilbert semispace i/^'^"'-) (resp. ) 
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also decomposes into bilinear subsemispaccs Ha'^™\i) (resp. H^'^"'^\i) ), 1 < i < q, or 
according to sums of bilinear subsemispaces: 

i/=i i/=i 

or H^{i} = ^H^{j) (resp. H^{i} ^ ^ Hf[{j) ). 

j=i i=i 

So, towers of sums of embedded bilinear Hilbert subsemispaces 

H^'-^il} C • • • CH^'-^{z} C • • • C H^'-^{q} , 
H^{l}c---CH^{z}c---CH^{q}, 

(resp. //.^'"'•{l} C • • • CH^'^^^ii} C • • • C H^'"^{q} , 
H^{l}G---CHU^}^---CH^{q}), 

can be constructed, leading to consider that these bilinear Hilbert semispaces are "solvable" 
and graded. 

And towers of sums of pseudounramified or pseudoramified von Neumann sub(bi)- 
semialgebras can be generated according to: 

M r m^^'-'-Hl}) C • • • C M . ^ (^^■^"'■^{0) C • • • C M . ^ {H^'^'-'^q}) . 

\rxl \rxl \rxl 

Then, the discrete spectrum a{Tg (g) ) of a (differential) bioperator (T^ (g) Tf ) e 
^ RxhiHa'^"'^'') is obtained throughout the morphism from the von Neumann bisemial- 
gebra Mrxl(^?'^"''^) to the set of von Neumann subbisemialgebras [M jixL('Ha'^^^\i}]i 
defined on the set of pseudounramified or pseudoramified bilinear Hilbert subsemispaces 
^j,(nr)|^| characterized by a diagonal metric associated with an orthonormal bilinear ba- 
sis. 

If the cuspidal representation space of the GLn{L^"^ x Ll'"'')-bisemimodule {M^^^ ® 
M^^'^) is taken into account, the corresponding set of eigenbifunctions of the differential 
bioperator (T^ (g) T^) is given, according to the Langlands program, by the global elliptic 
subbisemimodules which are products, right by left, of (truncated) Fourier series (over IR) 
whose number of terms correspond to the number of archimedean places associated with 
the considered algebraic intermediate finite number (semi)fields. 



In this context, the classification of the factors of von Neumann can be envisaged from 
the algebraic frame developed in this paper. 
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In correspondence with the introduction of pseudoramified bihnear Hilbert semis- 
paces and of towers of embedded bihnear Hilbert subsemispaces, pseudounramified 
bihnear Hilbert semispaces H^^ can be defined as well as towers of embedded bilinear 
pseudounramified Hilbert subsemispaces. 

So, if "i " labels an algebraic intermediate (semi)field or the associated archimedean 
completion, W. {i}) will refer to a factor of type Ij while if " j " denotes an algebraic 

internal dimension, M , 1 < j < A'" , will be a hyperfinite subfactor of type 

Hi^ [23], [24], where is the order of a global inertia subgroup. 

So, our main proposition can finally be stated as follows : 

1. On the pseudounramified bilinear Hilbert semispace , there are q factors of type 
Ii,l<^<?<C)0 where " i " denotes a global residue degree. 

2. On the bilinear Hilbert subsemispace H^^[Ly^ x L^J restricted to the representation 
of the bilinear parabolic subsemigroup Pn{L^i x L^i) , there are N subfactors of type 
Hi^. , where j denotes an internal algebraic dimension. 

The upper subfactor Hi^ is the hyperfinite factor Hi . 

3. On the tensor products H^^{i) (g) W^{N) , there are q pseudoramified factors of type 
Hoc , 1 < < ? < oo , noted M r^l^H^^ (i) ®H^^{N)) where i denotes a global residue 
degree. 

4. On the tensor products H^^{oo) (g) H^{i) , 1 < i < A" , the factors of type Hoo are 
defined. 

1 Bilinear semigroups and bilinear Hilbert semispaces 

The aim of this chapter is to introduce a sufficiently general mathematical frame for the 
representations of the von Neumann algebras. As the "representation" of a /c-algebra Ml 
over a number field k of characteristic zero proceeds from its enveloping algebra, the most 
natural representation space for the von Neumann algebras will be an extended Hilbert 
semispace of bilinear nature which must then correspond to the representation space of 
the A;-algebra Ml in a linear Hilbert space H . 

If the representation space of a von Neumann algebra is assumed to be non commu- 
tative, its (algebraic)-geometric structure will then be of Riemann type and composed of 
the tensor product of a pair of faithfully projective isomorphic /c-semimodules leading to 
an extended bilinear Hilbert semispace by projection of one of these semimodules on its 
copy. 
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Notations: R,L means " R " or " L " for "right" or "left"; 

X(£)) means a diagonal ( Xd ) or complete ( x ) product. 

Definition 1.1 Enveloping algebra: Let Mr^l be a /c-algebra considered as a finitely 
generated, projective and faithful right (resp. left) /c-module. Its enveloping algebra is 
given by — Mr ®k Ml where Mr (resp. Ml ) is a right (resp. left) /c-module viewed 
as the opposite algebra of Ml (resp. Mr ) [13]. If the homomorphism -Bh^^ : M^ — > 
Endfc(MR^i) is an isomorphism, then the fc-algebra Mr l is called an Azumaya algebra. 

If Mr^l is a faithfully projective right (resp. left) /c-module of dimension n , then 
Mr^l ^ A;" and we have that [6], [18], [37]: 

M' ~ Endk{MR,L) ^ Endfc(r) ~ M,(A;) 

where Mn{k) is the ring of matrices of order n over k . 

The homomorphism Er^l '■ Mr^l — > Mn{k) is called a n-dimensional representation of 
Mr,l [2]. 

Definition 1.2 Symmetric algebraic extension field: Let A; be a number field of 
characteristic and (resp. L ) denote a finite real (resp. complex) extension of A; . A 
real (resp. complex) algebraic extension field (resp. L ) will be said symmetric if it 
is composed of the set of positive (resp. complex) simple roots, noted (resp. Ll ), in 
one-to-one correspondence with the set of negative (resp. complex conjugate) simple roots, 
noted (resp. Lr ), such that to each positive (resp. complex) simple root Xl £ L'^ 
(resp. Xl & Ll ) corresponds a symmetric negative (resp. complex conjugate) simple root 
■^R ^ (j^^P- ^R ^ Lr ). Geometrically, is then localized in the upper halfspace and 
Lr in the lower half space. (resp. Ll ) and L~^ (resp. Lr ) are then respectively left 
and right semifields, i.e. commutative division left and right semirings. 

Ll and Lr are semirings because they are abelian semigroups with respect to the 
addition and are endowed with associative multiplication and distributive laws. 

Definition 1.3 Completions associated with finite algebraic extensions: The 

equivalence classes of the real completions of (resp. ), obtained by an isomorphism 
of compactification of the corresponding extensions, arc the left (resp. right) infinite places 
of (resp. L^ ) and arc noted v = {vi, ■ ■ ■ , f j, ■ ■ ■ , t'^} (resp. v = {vi, ■ ■ ■ , Uj, ■ ■ ■ , Vg} ). 

Similarly, the equivalence classes of the complex completions of Ll (resp. Lr ), obtained 
by an isomorphism of compactification of corresponding finite extensions, are the left (resp. 
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right) infinite complex places of (resp. Lr ) and are noted uj = {cui, . . . ,uji, . . . ,ujq} 
(resp. oJ = {uJi, . . . ,uji, . . . ,ujq} ). 

Let L^- (resp. L^j^ ) denote i-th basic real completion corresponding to the i-th left 
(resp. right) pseudoramified algebraic extension (resp. ) of k and associated to 
the left (resp. right) place Vi (resp. Vi ). The other equivalent completions of Vi (resp. Vi ) 
are noted Lvi,mi (resp. L^.^rni ), where rrii eN , rrii > , are increasing integers. 
{ rrii = refers to the basic completion L„. (resp. Ly. ) ). 

It is assumed that the left (resp. right) pseudoramified completions L^.^^. (resp. L^.^mi ) 
are generated from an irreducible completion L^i (resp. L^i ) having a rank or degree equal 
to . 

Then, the rank of the pseudoramified completions Ly. (resp. L^. ) and Ly.^^. (resp. 
Lyi,mi ), corresponding to the degree of extension of the associated extension, is given by 
an integer modulo N according to: 

rii^ = [Ly.^rni : k] = * + fy^ ■ N ■ N 
(resp. Ui^ = [Lvi,mi : k] = * + fy^ ■ N ^ i ■ N ) 

where 

• * denotes an integer inferior to N ; 

• /„. (resp. fy^ ), called a global class residue degree, is the degree of the corresponding 
pseudounramified completions 1/"^^^. (resp. L'^l^^ni ) given by 

Kim, ■■k]^U^i (resp. :k]^h^^i) 

So, the ranks or degrees of the pseudoramified completions L^.^^ni (resp. Ly.^^. ), 
I < i < q , are integers modulo N , Z / N Z . 

Remark that the integer sup(mi) is interpreted as the multiplicity of the place Vi (resp. 
Vi ). 

As the rank n^^ (resp. rii^ ) of the completion Ly.^mi (resp. Ly^^rm ) is assumed to 
be a multiple of the integer N , which is the rank of the irreducible subcompletion Lyi 
(resp. Lyi ), the completion Ly^^^i (resp. Ly^^m. ) will be cut into a set of i equivalent 
subcompletions L.> ^ (resp. L-/ ^. ), 1 < i' < i , of rank N . 

Finally, let 

Ly = {Ly-^ ; ■ ■ ■ , Ly^^^, ) ■ ■ ■ ) ^Vq^mq } 

(resp. Ly = {Ly^ , • • • , L^._^. , • • • , L^^_^^ } ) 
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denote the set of real pseudoramified completions of (resp. ) with 
Lv(s =00 Lvi^m-i (resp. Lj;^ =00 -^jj,,^. ) 

i mi i mi 

be their direct sum and let 

jnr J Tur jnr jnr \ 

V ~ \^Vl :'''■> ^Vi^rui ' ■ ■ ■ ' Vq,mq i 

(resp. L^^-{LZ,---,L^l^.---,Ll,^^) 

denote the corresponding set of real pseudounramified completions. 
Similarly, let 

(resp. Lj;j = {Lzj^ , ■ ' ' > -^zui,™^ , ' ' ' , -^uj,,™, } ) 

denote the set of complex pseudoramified completions oi Ll (resp. Lr ) in such a way 
that the set L„ (resp. ) of real completions covers the corresponding set (resp. Ljj ) 
of complex completions [29] . 

Definition 1.4 Galois subgroups and inertia subgroups: Let Gal{L'l,/k) (resp. 
Gal(L^.//c) ) be the Galois subgroup of the pseudoramified extension Lj. (resp. Lj. ) and 
let Gal(L2^''''/A;) (resp. Gal(L^^''''/A;) ) denote the Galois subgroup of the corresponding 
pseudounramified extension LY-'~^ (resp. L^^.'^ )■ 

If lr+ (resp. Ir+ ), denoting the global inertia subgroup of Gal(Lt,/A;) (resp. 

Hi ' 

Gal(L^.//c) ), is the group of Galois automorphisms of the irreducible extension L^i (resp. 

i 

Lpi ) or the group of Galois inner automorphisms, then we have that 

Gal(L+ = Gal(L2f /^) 

(resp. Gal(L+ = Gal(L^;'+/fc) ) 
such that the exact sequence: 

, , GALti/k) > Gal(L2;'+/^) > 1 

(resp. > > Gal(L+ /^) y GaKL^;;^/^) > 1 ) 

has kernel given by the global inertia subgroup (resp. 1^^+ ) associated to the place Vi 
(resp. Vi ). 
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If TTii refers to the multiplicity of the left and right places Vi and Vi , then the left (resp. 
right) Galois group can be decomposed according to: 

Gal(L+/A;) = eeGal(L+^^yA;) 
(resp. Gal(L+/A;) = 00 Gal(L+ ). 

i=l mi 

1.5. Representation of the bilineEir general semigroup: Let Ly (resp. L^j ) be 
the set of pseudoramified real completions of (resp. ). Then, a bilinear general (or 
complete algebraic) semigroup over the product x can be defined as the product of 
the (semi)group T^{Ly) of lower triangular matrices of order n over by the (semi)group 
Tn{Ly) of upper triangular matrices of order n over according to [29]: 

GLn{L^ X L,) = Ti{L^) X T,(L,) 

such that: 

a) GLn{Lv X Ly) has the bilinear Gauss decomposition: 

GL„{L^ X L,) = [{D„{L^) X L>„(L,)][C/T„(L„) x UT^{I^)] 

where 

• Dn{-) is the subgroup of diagonal matrices; 

• UTn{-) is the subgroup of unitriangular matrices. 

b) GLn{L- X L.f,) has for representation space Repsp(GL„(L:j7 x L^)) given by the tensor 
product Mr® Ml of a right T^(L:y)-semimodule Mr localized in the upper half space 
by a left T„(L^ )-semimodule Ml localized in the lower half space. 

c) the left (resp. right) conjugacy classes of Tn{L^) (resp. T^{Ly) ) correspond to the 
left (resp. right) places Vi (resp. Vi ) of Ly (resp. Ly ). 

Similarly, GLn{L^^ x L"^) has for representation space Repsp(GL„(L^'' x L"^^)) given 
by the tensor product M'^ (g) of a right pseudounramified T^(L^'")-semimodule M^ 
by its left equivalent T'n(L"'')-semimodule M'l' ■ 

Considering complete bilinear algebraic (semi)groups is justified by the fact that they 
"cover" their "hnear" equivalents. Indeed, it was proved in [29] that a linear complete 
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algebraic group GLn{Ly^^) , with entries in L^j-y = L-ULy and representation space given 
by a vectorial space V of dimension , is covered by the bilinear complete algebraic 
semigroup GLn{Ly x L^) , having as representation space the GLn{Ly x L^)-bisemimodule 
Mf> Ml , at the conditions given in [29]. 

On the other hand, let Ml^ (resp. M^i^ ) denote the representation space of Tn{L^^) 
(resp. T^{Ljj^) ) with entries in the sum Ly^ (resp. Ljj^ ) of real pseudoramified completions 
Lv,,^. (resp. L^^„^ ). 

Then, Ml^ (resp. Mr^ ) is homomorphic to Ml (resp. Mr ) and decomposes into the 
direct sum of T^(L^.)-subsemimodules My. (resp. T^(L:uJ-subsemimodules My^ ) according 
to: 

^Le = My.rui (resp. = My.^^ ) 

i=l mi i=l mi 

such that: 

a) each T„(L„.)-subsemimodule My. (resp. r*(L^.)-subsemimodule My^ ) of dimension 
n constitutes a representative of the i-th conjugacy class of Tn{Ly) (resp. T^{Ly) ). 

b) My. and My. , 1 < i < q , has a rank given by: 

= • AT" = . AT" . 

Definition 1.6 Bisemimodules: The bilinear tensor product between the right 
T^(L,7)-semimodule Mr and the left T'„(L^,)-semimodule Ml is given by [30]: 

Tx: {Mr, Ml} > Mr® Ml, 

{xr, xl) > xrX XL , \/ xr E Mr , XL e Ml , 

so that the pair {xr, xl} of right and left points be mapped into the bipoint xr x xl char- 
acterized by a Riemanian signature [18]. Mr Ml then is a GLn{Ly x L.y)-bisemimodule. 

Similarly, the diagonal tensor product between the right and left semimodules Mr and 
Ml can be defined by 

Txj, : {Mr, Ml} y Mr 0d Ml , 

{xr,Xl} > XrXdXl, 

so that the "diagonal" bipoint xr Xd xl be characterized by a diagonal signature which 
can be Euclidian or not following that the metric be given by a diagonal unit matrix or by 
a diagonal matrix having diagonal elements taking values in the considered field. 
Mr ®d Ml then is a GLn{Ly x^ -L„)-bisemimodule. 
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Definition 1.7 Bisemisheaves of rings: We want to introduce the set of smooth 
differcntiable (bi) functions on the GLn{L^ x Lj,)-bisemimodule (g) , in such a way 
that these bifunctions are tensor products <pGR{xg^) (pGL^^gL) of smooth differcntiable 
right functions <pGii{xgj^) , Xg^ E T^{Ljj) , on Mr , locahzed in the lower half space by 
symmetric smooth differcntiable left functions (pG^{xg^) , Xg^ G Tn{Ly) , on Ml , localized 
in the upper half space. 

As GLn{Ly X L^) is partitioned into conjugacy classes, we have to take into account 
the bifunctions ^g, {^ir) ® 4>Gim- (^jl) on the conjugacy class representatives M^j. ^ (g) 
M^,. ^ . The set of smooth differentiable bifunctions {(l>G^m i^in) ^'^G^m- {^iL)}i,mi on 
the GLn{Ljj X L^)-bisemimodule Mr ® is a bisemisheaf of rings noted Mr ® Ml in 
such a way that this set of differentiable bifunctions are the (bi)sections of M^j ® Ml ■ 

Indeed, Mr (resp. Ml ), having as sections the smooth differentiable functions 
'pG^m■ {^'Ir) (I'esp. (})Gi^. {xil) ), is a semisheaf of rings because it is a sheaf of abelian 

' ^R ' 

semigroups M^i^Xij^) (resp. Ml^Xi^) ) for every right (resp. left) point (resp. Xi^ ) 
of the topological semispace Mr — Repsp(T^(L:y)) (resp. Ml = Repsp(T„(Lj,)) ) where 
MR^Xij^) (resp. ML{xi^) ) has the structure of a semiring. 

The introduction of the bilinear Hilbert semispaces in the next section will concern the 
bisemisheaf of rings Mr ^i^d) Ml as well as the GLn{Ljj x L^)-bisemimodule Mr Ml , 
on which it is defined, but the developments will only bear on Mr<S)(d)Ml for the simplicity 
of the notations. 

Definitions 1.8 a) External diagonal bilineeir Hilbert semispaces HI and HrI 

Let Mr (g)£) Ml be the diagonal GLn{L^ Xd L^)-bisemimodule. Consider the projective 
linear mapping pl : Mr <Sid Ml — )■ Mr^^p^l projecting the T*(L^)-semimodule Mr on the 
r„(L^)-semimodule Ml ■ Mr^^p^l is a bisemimodule representable locally by the bihnear 
Hilbert scheme YHVosr^p^/Sl (case MR(^pyL ) [31]. 

If MR(^pyL is endowed with an external scalar product {(l)p,ip) defined from Mr(^p) x dMl 
to C ,y (f)p e Mr(^p) , V '0 e Ml , this bisemimodule Mpi^pyL will be called a left external 
bilinear Hilbert semispace, noted . 

Similarly, if we consider the projective linear mapping pr : Mr (S)d Ml — >■ Ml{p)/r 
projecting the r„(L^)-semimodule Ml on the T^(L:ij)-semimodule Mr , we generate the 
bisemimodule Ml{p)/r representable locally by the bilinear Hilbert scheme Hilbs^^^^/s^ . 

Endowing Ml{p)/r with an external scalar product from Ml{p) x d Mr to C , we shall 
get a right external bilinear Hilbert semispace noted "H^ . 

Notice that HI and Hr are characterized by ortho(normal) basis. 
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b) Internal diagonal bilinear Hilbert semispaces l-L^ and H^: Let : Mj^^p) — )■ 

Ml (resp. Br : M^^p) — > Mp ) be a bijective linear isometric map from Mp(^p) (resp. 
Ml{p) ) to Ml (resp. Mp ) mapping each covariant element of M^(p) (resp. Ml(p) ) noted 
Mpn (resp. Mpj^ ) into a contravariant element of Mp (resp. Mp ). 

Then, Bp (resp. Bp ) transforms the left (resp. right) external Hilbert semispace Tip 
(resp. Tip ) into the left (resp. right) internal bilinear Hilbert semispace 'H'^ (resp. "H" ) 
in such a way that 

a) the bielements of H'^ (resp. Ti~ ) are bivectors, i.e. two confounded vectors; 

b) each external scalar product of Tip (resp. Hp ) is transformed into an internal scalar 
product defined from Mp^ x p, Mp (resp. Mp^ x p Mp ) to C . 

c) "H^ and 1-L~ are characterized by ortho(normal) basis. 

c) Extended external bilineeir Hilbert semispaces and H^: If we consider 
on the non- Euclidian GLn{Ljj x L^,)-bisemimodule Mp®Mp the projective linear mapping 
PL : Mr® Mp ^ Mr(p)i^l (" c " for complete), (resp. pr: Mr® Mp ^ Ml^p)/cR ) of 
the right (resp. left) semimodule Mr (resp. Mp ) on the left (resp. right) semimodule Mp 
(resp. Mp ), we get the non-Euclidian bisemimodule Mpi^py^p (resp. Ml{p)/^r )■ 

If we endow Mp(^py^p (resp. Mp^py^p ) with a complete external bilinear form defined 
from Mr(p) X Mp (resp. Mp(^p) x Mp ) to C , we get a left (resp. right) extended external 
bilinear Hilbert semispace noted HI (resp. Hj^ ) characterized by a non-Euclidian geometry 
and a non-orthogonal basis. 

d) Extended internal bilineetr Hilbert semispaces H'^ and H~: The left (resp. 
right) extended external bilinear Hilbert semispace Hp (resp. Hp ) can be transformed 
into the left (resp. right) extended internal bihnear Hilbert semispace (resp. H^ ) by 
means of a bijective linear isometric map Bp (resp. Br ) from Mr(^p) (resp. Ml{p) ) into 
Ml (resp. Mr ). 

The complete external bilinear form of if£ (resp. H^ ) is then transformed into a 
complete internal bilinear form of H^ (resp. H~ ). 
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2 Cohomologies and representation spaces of algebras 
of operators 

We are interested in the cohomology of compact spaces [8]. So, the most evident algebraic 
cohomology of compact spaces is the Eisenstein cohomology which is based upon the 
Borel-Serre compactification of the lattice space attached to an arithmetic group F . The 
Eisenstein cohomology classes were assumed to be represented by differential forms which 
are Eisenstein series [21], [22], [34]. 

Definition 2.1 The Shimura bisemivariety: Referring to the linear lattice space X — 
GLn{IR) I GLn{^) , [6], [7], a bihnear complex lattice bisemispace can be introduced by: 

Xs,^, = GL„(Lf ) X Lf^)/GL^{{ZIN Zf) 

where 

• GLn{{Z /N Z)^) is a bihnear arithmetic semigroup over squares of integers modulo 
N; 

• GLn{L^^^ X L^'') is a bilinear algebraic semigroup with entries in the product {L^^^ x 

) of complex symmetric (semi)fields associated with {Lr x Ll) . 

The boundary dXs^^^^ of the compactified bisemispace ^s^xi, corresponds to the boundary 
of the Borel-Serre compactification and is given by: 

dXs^,, = GLniL+^ X L^+)/GLn{Z/NZ)^) « G'L„(L^ x L,) 

where and L~^^ are real compact semifields generated from and . 

The double coset decomposition dSc^,^^ of the boundary dXsj^^j^ of the compactified 
lattice bisemispace corresponds to a Shimura bisemivariety and is given by: 

dSo^,, = Pn{L^, X L,,) \ GL^{L+^ X L+J/GL^HZ/N Z f) ^ GL^{L^ x L,) 
where 

• the subgroup GLn{{Z /N Z)^) constitutes the representation of the coset represen- 
tatives of the tensor product Tji{n; q) ® Tj;,(n; q) of Hecke operators [29]; 
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• Pn{L^^) is the standard parabolic subscmigroup over the set L^i = {L,^,i, ■ ■ ■ ,L^i , 
■ ■ • , L^i ^ } of irreducible completions L^i having a rank N . Pn{Lyi x Lyi ) is then a 
bilinear parabolic subscmigroup constituting the smallest connected pseudoramified 
normal bilinear subscmigroup of GLn{Ly x Ly) and representing the n-fold product 

X II^. of global inertia subgroups. 

The double cosct decomposition dScj^^L > corresponding to a Shimura bisemivariety 
and restricted to the lower (resp. upper) half space, becomes: 

dSa, = Pn{L^^)\n{Ll;)/Ti{'L/N'L) 
(resp. dSc, = \ Tr,(LtJ/Tr,(Z/N Z) ). 

Proposition 2.2 The (bi)cosets of the bilinear quotient semigroup GLn{L'^^ x L'^J/ 
GLn{{Z/N Z)^) coincide with the conjugacy classes of the general bilinear semigroup 
GLn{Lv X Ly) with respect to the smallest connected pseudoramified normal bilinear sub- 
semigroup given by the bilinear parabolic subscmigroup Pn{L^i x L„i) . 

Sketch of the proof: According to 1.5, the conjugacy classes of GLn{Ly x Ly) are in 
one-to-one correspondence with the (bi)places of Ly x Ly . And, on the other hand, the 
bihnear subsemigroup GLn{{Z /A^ Z)^) is a representation of the tensor product of Hecke 
operators such that the i-th (bi)coset representative of G'L„((Z/A" Z)^) corresponds to 
the biplace Vi x Vi of Ly x Ly . ■ 

Proposition 2.3 The bilinear cohomology (semi)group of the Shimura bisemivariety 

has its coefficient system given by the bisemisheaf {M^ ® M^-^ ) and is given by the bilinear 
Eisenstein cohomology: 

H'\dSG^^„M^J M'J) ~ Repsp(G'L2,(L^ x Ly)) , 2j<r, 

which: 

• is in bisection with the representation space Repsp(GL2j(I/^ x Ly)) of the bilinear 
general semigroup GL2j{Ly x Ly) ; 

• decomposes according to the conjugacy classes of GL2j{Ly x Ly). 
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Proof: 

1. It was demonstrated in [29] that the bihnear Eisenstein cohomology H'^{dSGji^i^, 
M"^ (g) M"^) is in bijection with the representation of the bihnear general semigroup 
GL2j{L:jjXLy) : this results from the fact that the Eisenstein bihnear cohomology can 
be deduced from the Weil bihnear algebra of the Lie bihnear nilpotent semialgebra. 

2. As the bicosets of -95^^^^ = P2j{Ljji x \ GL2j{L+^ x L+J /GL2j{{Z /N Zf) 
coincide with the conjugacy classes of GL2j{Ly x L^) , we have that the bilinear 
Eisenstein cohomology decomposes according to: 

1=1 mi 

To each T2j(L^.)-subsemimodule M^^ (resp. T2^(L:i7j-subsemimodule M^^ ) is as- 
sociated a weight (resp. Xr^ ) characterizing the i-th left (resp. right) Hecke 
sublattice. Indeed, there exists the surjective morphism: 

^Mi,K : Mg^^ y Al,r 

from the T2j(Lt,)-semimodulc Mf^^ (resp. T2^(Lt7)-semimo dule ) into the 

T2j(Z /N Z )-semimodule Al (resp. T2j{'L/N Z )-semimodule Ar ) which is a left 
(resp. right) Hecke lattice decomposing according to the conjugacy classes of T2j{Ly) 
(resp. mi^) ): 

AL = eeAL,;m, (rCSp. Afl = Afl,;.„ J 

i=l mi i=l mi 

where A^,.;^. (resp. Ai?.;^. ) is the i-th left (resp. right) Hecke sublattice having 
multiplicity sup(mi) . 

Indeed, on each left (resp. right) weight A/,, (resp. Xr^ ), which is a character of 
Rep{T2j{Ly.)) (resp. Rep{T2j{Ly^)) ), there is the action of the Weyl semigroup Wl 
(resp. Wr ) given by: 

(p{sij = Wij^Xii (resp. 0(s,^) = w^j^Xr^ ) 

where 

• (t>{si^) (resp. (t>{sijf) ) is a left (resp. right) Hecke character; 



• e Wl , Wij, e Wr 
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The left (resp. right) action of the Weyl group Wl (rcsp. Wr ) consists in generating 
the multiphcities of the Hecke sublattices A^. (resp. Aj^. ) to which correspond the 
subsemimodules My.^^. (resp. My.^^. ). ■ 

Corollary 2.4 The general bilinear Eisenstein cohomology is characterized by the 
Kiinneth isomorphism: 

Sketch of proof: this is equivalent to defining the diagonal or complete product be- 
tween a right and a left linear Eisenstein cohomology semigroup. ■ 

Definition 2.5 Complete reducibility of GL2n{Lv X L^) [29]: Let 

riL = lii H Ifei H K H K 

(resp. = li^ + • • • Ifc^ + • • • + 1^^ + • • • + ) 

be a left (resp. right) partition of til (resp. tir ) labeling the irreducible representations 

oiT2ni^{Ly) (resp. r2„^(L^) ). 

Then, 

2n 

1. Rep(G'L2„=2i+...+2,+.-+2„(^F X L„)) = ffl Rep(G'L2,(L- x L^)) 

2^=2 

constitutes a completely reducible orthogonal bilineeir representation of 

GL2n{Ly X Ly) ; 

2. Rep{GL2n„^ALv x Ly)) 

2n 

where GL2^^^^ is another notation for G2^ , constitutes a completely reducible 
nonorthogonal bilineeir representation of GL2n{Ly x Ly) . 

Proposition 2.6 Let Ml^ (resp. ) be a 2n- dimensional semisheaf on the T2n{Ly)- 
semimodule (resp. Tl^{Ly)-semimodule). 

Let 5'S'q^^~ 2^^+...+2" ^'^^ ^^^2n^^2nj^ dcnotc respectively a completely reducible orthogonal and 
nonorthogonal Shimura bisemivariety instead of dSoji^j^ ■ 

Then, the 2n-th bilinear Eisenstein cohomologies decompose into direct sums of completely 
irreducible orthogonal and nonorthogonal bilinear Eisenstein cohomologies according to: 
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Repsp(G'L2„=2i+...+2^+...+2„(-f'^ X L„) . 



~ Repsp(G'L2nHxi(iv^ X L^)) 



2 



where ^ is a semisheaf on the {Ly)-semimodule. 



Proof: 



1. The completely reducible orthogonal and nonorthogonal Shimura bisemivarieties are 
given respectively by: 

Q^P2n=2]^-\ |-2n 

G2n=2]^H h2„ 



'G2 



n 

= ^/2e„e,iL,^ X V) \G^2,,,J^i, X L+J/GL2,^,J(Z/iV Z)2) 

and by: 

D n P,, , n p,, 

aq^^^RX^^L — iXs ffq ^'r'^^l n\ ffq ^''r^'^'^l 

2. The decomposition of the 2n-th bilinear Eisenstein cohomology into completely ir- 
reducible two-dimensional bilinear Eisenstein cohomologies results from its bijection 
with Rep(GL2„=2i+...+2„(-^i; x Ly)) or with Rep(GL2n«xL(-^^i x Ly)) according to def- 
inition 2.5. 

3. Every two-dimensional Eisenstein bilinear cohomology decomposes with respect to 
the places in (L^ x Ly) according to one-dimensional components: 

*i i=l mi 
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Definition 2.7 Cuspidal representation in terms of global elliptic semimod- 
ules: The decomposition of the Eisenstein bilinear cohomology into one-dimensional irre- 
ducible components needs a cuspidal automorphic representation in terms of global elliptic 
bisemimodules. 

Assume that J'l is a normalized eigenform (of a Hecke operator), holomorphic in the 
Poincare upper half plane H in € , and defined in {lm{zL) > 0} . fi , expanded in 

formal power series = Yl^iL^L ' where qi — e^'^'^^ , E € , is a cusp form of the 

i=l 

space Sl{N) and is an eigenvector of the Hecke operators Tg^ for g | iV and f/^^ for g | 
where iV is a positive integer. The Fourier coefiicients a,^ are eigenvalues c{i, fi) of Hecke 
operators such that c(i, fi) generate the ring of integers 6l which leads to consider Sl{N) 
as a ^L-algebra. 

The coalgebra Sji{N) of Sl{N) , defined in the Poincare lower half plane H* , is then 
composed of dual cusp forms fn — ^ (^irQr with — e~^'^*^« , Zr & (U , zr — , which 

i=l 

are also eigenfunctions of Hecke operators T^^ ior q \ N and C/^^ for g | A" . 

On the other hand, assume that the semisheaf M^j^ on the semimodule M^*^ de- 
composes according to the conjugacy classes of Mjjf^ into a set sr^l — r(M^^^) of one- 
dimensional sections Sj^^ , 1 < < g < oo . For each section Sj^^ G sr^l , let End(G's^^) 
be the Frobcnius cndomorphism of the group Gs^ ^ of the Sj^ ^ and let qr^l ~^ be the 
corresponding Frobenius substitution with g}^^^ = ^±2m{i)x x E IR . 

A global elliptic right (resp. left) Gg^ ^-semimodule (Pr,l{sr,l) is a ring homomorphism: 
(pR,L ■ sr^l End(G'5^^) defined by 

(I>R,l{^R,l) ^T.T,<l>{SiR,L)i,miqR,L 
i mi 

where runs over the one-dimensional sections of Mrj^ and where ^ runs over the ideals 

i mi 

of the decomposition group 0^2 of the biplace Vi x Vi . 

Then, the space Sr^l{(Prl) of global elliptic ^-semimodules (Pr,l{sr^l) is included 
into the space S'r,l(A^) of cusp forms /r^l ■ Sr^l{<Pr,l) ^ Sr^l{N) implying that ~ 
<Pr,l{^R,l) ■ 

Definition 2.8 The decomposition group: The ring of endomorphisms acting on 
the global elliptic ^-semimodules included into weight two cusp forms is generated 
over Z /N Z by the Hecke operators T^^^ for g f A" and C/q^^ for g | A^ . The coset 
representatives of C/^^ are upper triangular and are given by the integral matrices ( o ) 
while the coset representatives of C/g^ are lower triangular and are given by the matrices 
{bN m) ■ ^ general integer r = a • d , we would have respectively the integral matrices 
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{''o dl) ibN Z) of determinant r ■ iV^ ~ ■ c/at (class "0" of integers modulo ). 
These integral matrices modulo N are defined by considering that = *modA^ c:^ q ■ N 
and bi\f = *modA^ . Taking into account that the unipotent radical u{b) = (g i) and its 
transposed = i) generate ¥ g , the following coset representative 

will be adopted for the tensor product [7^^ ® t/^^ of Hecke operators where agj^ = ^ q j 
is the split Cartan subgroup and where D^j^ i^j^ = (g Y) (f>jv i) representation of 

the decomposition group associated with a^j^ . Then, GL2{{'L/N Z)^^2) corresponds to a 
Gauss decomposition of the class " " . 



G'L2((Z/7VZ)fo) = 




Proposition 2.9 The eigenvalues X±{q'^,b%) of the coset representatives 
GL2{Z /N Z)^q2) of Uqj^ X Uq^ are such that they are coefficients of the global elliptic 
Gsn^-semimodules (j)R^L{sR^L) , i.e. 4>{sqRi)q,h = . Then, the one- dimensional 

components of the global elliptic semimodule 4>r^l{sr^l) o,re one-dimensional semitori lo- 
calized respectively in the upper and in the lower half space and characterized by radii given 
byr{q%,bl) = {X^{q%,bl) - X.{q%,bl))/2 . 



Proof: The eigenvalues of GL2(Z /N Z)^g2) = aqj^ ■ Dgj^^^j^ are 

. .2 ,2^ + + ql) ± [(1 + + (llf - Wn\^ 
^±[(1n^0j^) 

and verify 

Trace(G'L2(Z/iV Z)f^2)) = 1 + 6^ + , 
and det(GL2(Z/iV Z)f^2)) = A+(4,6^) • A_(4,6^) = q% . 



Proposition 2.10 According to the Langlands bilinear global program [29] and proposi- 
tion 2.6, every two-dimensional Eisenstein bilinear cohomology is in bijection with a global 
elliptic Gsji^j^-bisemimodule (f)R{sR) <S> (I>l{sl) '■ 

'■^''■^ q=l mi ^ ' ^ 

i=l rui 1=1 rui 
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in such a way that the i-th bisection on the GL2f{L^^ x L^,J-subbisemimodule {M^^ ® 

in one-to-one correspondence with the set of 
rrii biterms {A+(i^, mf)e^^''*W^ x A_(i^, mf)e^'^*(*)^}j„^ of the global elliptic bisemimodule 
4'r{.^r)®4'l{,sl) ■ So, the global elliptic bisemimodule constitutes the cuspidal representation 
of the Eisenstein bilinear cohomology. 

Definition 2.11 The semialgebra of elliptic operators EIIr^l^Mjil) is the semi- 
algebra of linear differential operators Drl defined on the space Tr^lIMji^l) of smooth 
sections sr^l of Mr^l and having their principal symbol ct^Dr^l) inversible [3]. 

Proposition 2.12 The bilinear Hilbert semispace is the natural representation space 
for the semialgebra of elliptic operators. 

Proof: Taking into account the Biop^ (resp. Bropr ) map as introduced in definitions 
1.8, the bisemisheaf Mr Ml on the GLn{L^ x Li,)-bisemimodule Mr Ml will 
be transformed into an extended internal or internal left (resp. right) Hilbert bisemisheaf 
according to: 

Blopl : Mr 0(d) Ml > Ml^ 0(d) Ml = Ml: 

Bropr : Mr 0(d) Ml > Mr^ 0(d) Mr = Mr. 

Consequently, EIIr(Mr) 0(d) EIIl(Ml) acting on Ml^ ®[d) Ml (resp. Mr^ 0(d) Mr ) 
will be an algebra of bioperators (or a bisemialgebra of operators) acting on an extended 
internal or internal left (resp. right) bihnear Hilbert semispace (resp. H~ ) or 'H'^ 

(resp. H- ) and will be noted: [EIIr(Mr) E\\l(Ml)]{H^) 

or [m\R{MR)0DmL{ML)]{'Kt) . 

On the other hand, a semialgebra of operators ¥,][r^l{Mr^l) acting on H"^ or "HJ will 
be given by EllR,i(MR,i)(i/„^) or EllR,j^(MR,i)(?^J) in such a way that EIIs(Mh) (resp. 
Elli(Mi) ) be a semialgebra of right (resp. left) elliptic linear operators acting on the set 
of sections of the semisheaf Mr (resp. Ml ) over the Gr{Ljj) (resp. Gl{L,^) )-scmimodule 
Mr (resp. Ml ) of or , where Gr (resp. Gl ) is another notation for (resp. 

Tn ). 

Taking into account the considerations given about the enveloping algebras in definition 
1.1, it then becomes clear that the extended bilinear Hilbert semispace is the natural 
representation space for the bisemialgebra and the semialgebra of elliptic operators. ■ 
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Definitions 2.13 a) Semialgebra of bounded operators: If ^(M^ji) denotes 
the semialgebra of right (resp. left) operators on the semisheaf Mr^l over the Gb..l{Lv^v)- 
semimodule Mr^l , then the semialgebra of right (resp. left) self-adjoint bounded operators 
Tr^l on or "HJ will be given by: Cri{H^) and /^^^("HJ) , while the bisemialgebra of 
self-adjoint bounded operators on and on "HJ will be: (g) Cf^){H^) and (C^ 
££)(?/ J) such that the right and left self-adjoint bounded operators Tr^l G act 
respectively on the right and left semisheaves of and "HJ . 

b) A weight on a semialgebra J^r^l{H^) is given by the positive bihnear form [TrSi^^ , Sj^) 
or {si^^,TLSi^) which is a map from Cr]^{Ml^ x Ml) into (0 for every section Si^^ e M^^ 
and Si^ e Ml ■ 

Similarly, a weight on a bisemialgebra (>C^ §>> Cf){H^) will be given by the positive 
bilinear form {TRSi^^,TLSi^) which is a map from (£^(Mi^) x Cf^{ML)) into (Z7 for all 
Tr,l e . 

Definition 2.14 Complex analytic semivariety: Let Xsj^ (resp. Xsj^ ) denote the 
right (resp. left) complex semispace compactified from = GLn{L'^^)/GLn{'^ /N Z) 
(resp. = GLniLf^^) / GLn{1> / N Z) ) being the right (resp. left) complex (lattice) 

analytic semivariety introduced in section 2.1 and covered by dXs^ (resp. dXsj^ ) or by 
dScn (resp. dSa^ )■ 

Let M|,^ be an analytic semisheaf on Xsj^ (resp. ). 

Then, the analytic de Rham cohomology H*{X Sj^^-,M^^ can be computed through 
the analytic de Rham complex taking into account that: 

Lemma 2.15 There is an isomorphism between the (algebraic) Eisenstein cohomology 
H*{dSGa,LJ ^R,l) o,nd the analytic de Rham cohomology H*{dX s^^i^, Mf^^j^) . 

Proof: Indeed, the isomorphism between the following two de Rham cohomologies of 
Q*-smooth differential forms with respect to 880^^ ^Srl [20], [8], [12]: 

leads naturally to the following isomorphism: 

H*{dSG,,,, Mr,l) ^ H*(Xs,^„MI„l) ■ 

Definition 2.16 Analytic bilineEir Hilbert semispaces: Prom the complete (resp. 
diagonal) bihnear tensor [30] product between the right and left analytic semisheaves 
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and M£ , we can construct a left (resp. right) analytic bisemisheaf A^^^,) (resp. A^^(£,-) ) 
of a left (resp. right) analytic bilinear Hilbert semispace or T-C^ (resp. or ) in 
complete analogy with which was done in definition 1.8. 

Proposition 2.17 The analytic bilinear Hilbert semispace is the natural represen- 
tation space for the (bi)sernialgebras of elliptic operators: Elli^^i(M^^) and (Ellij(M^)®(D) 
E11l(M£)) . 

Proof: This results from definitions 2.12 and 1.1. ■ 

Definitions 2.18 a) Serre-Swan theorem: Let M]^°^ = C{Xfi i) be the semi- 
algebra of continuous functions on a compact (semi)space Xr^l . We shall denote by 
Y'EjC{Xr,l) the category of complex vector bundles over Xr^l and P(M^°^) the category 
of finitely generated projective right (resp. left) semimodules P^°£ over r(VEC(X^ i)) . 

Then, the Serre-Swan theorem asserts that the categories VEC(Xk_^) and 
P^°^(r(VEC(XR,L))) are equivalent [36]. 

b) The bisemialgebra C{Xr X(d) Xl) : Let xr^l be a right (resp. left) point of the 
right (resp. left) semialgebra M]^°^ . 

The complete (resp. diagonal) tensor product between the right and left semialgebras 
M^°P and P can be defined by: 

{xr,Xl} )■ XrX(^d)Xl, 

so that the bipoint xr X(^d) xl he characterized by a complete (resp. diagonal) signature. 
M^R^ (8) D M^L^ is then a finitely generated bisemialgebra. 

c) Topological bilinear Hilbert semispace: By application of the {B^ o Pl) (resp. 
Br o pr ) linear map, the bisemialgebra (M^^^ M^"'') can be transformed into an 
extended internal or internal left (resp. right) topological Hilbert bisemisheaf A^^(^) (resp. 

) which becomes an extended internal or internal left (resp. right) topological 
bilinear Hilbert semispace iJ^op or Hfop if it is endowed with a complete or a diagonal 
bilinear form with values in (U . 

Proposition 2.19 The extended internal and internal left (resp. right) topological bi- 
linear Hilbert semispaces H^^ and "H^p ^'^^ C* -(bi) semialgebras. 



23 



Proof: By definition M^°^ is a right (resp. left) semialgebra C{Xji^i) of continuous 
sections s^'^(Xi?,L) on Xr^l ■ 

Now, the bisemialgebra or A^^p) is an involutive bisemialgebra over € of 

continuous bifunctions s^^(Xij) (X>(d) Sl'^(-^l) • Indeed, the involution, which must be 
taken into account, is a bilinear map transforming or T-L^op (resp. i^top ^top ) i^to 
^^top or ^top (resp. i/top or ?/+p ). 

Recall the composition of maps: 

BlOPl : y M'^^ ®p) ^ = , 



Bropr : M^°P ®^D) M^°P ^ M^°P ®^D) M^°P = A^*°p 



as introduced in definitions 1.8. 
So, the bilinear map: 

{p-L o BZ') 0(z.) {Bn o pn) : M'^^^^ > A^^^) , 

{Br o pr) ®(^) (p-i o 5-1) : Ai^^i;^) , M'^^^ , 

transforms the bisemialgebra M*^^^ (resp. A4^p) ) into the bisemialgebra A4^p^ (resp. 

) which corresponds to an antilinear involution transforming the left (resp. right) 
bihnear Hilbert semispace H^^ or "H^p (resp. H^^ or H^^p ) into the right (resp. left) 
involuted bilinear Hilbert semispace H^p or T-L^op (resp. H^p or ?{^p ). ■ 

Definitions 2.20 a) i^-functor of Kasparov [25]: We are now interested in ex- 
tensions of the bisemialgebra M^^^^ . Let jC^^^{M^^'^j^) denote the semialgebra of bounded 
operators on M]j°^ and let /Cr,l be the ideal of compact operators. 

The set of extension classes of ICr^l by Cr i{M^^^^) , noted Ext(£^2.(^R i,)' ■'^^■■f') ' 
an abelian semigroup naturally isomorphic to Ext(Xjj^i) as developed by Brown, Douglas 
and Fillmore [10], [11]. 

In connection with the work of Atiyah [4], [5], G.G. Kasparov constructed a general 
K-functor K^K*{M'j^I,Crl) > special cases of which are the ordinary cohomological K- 
functor K*{M^^^j^) and the homological X-functor K^{Cr . 

Especially interesting is the case where the C*-semialgebras and Cr ^ are equipped 
with the continuous action of a locally compact semigroup ^ . This allows to define an 
abelian group K K^R^^ {M'°^^, C^^^) [26]. 

b) Bisemialgebra of bounded operators: Considering the C*-bisemialgebra A^^p) 
(resp. A4^(^^) ), the bisemialgebra of bounded operators on it will be (J^r®{d)J^l)(-^^l{d)) 
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(resp. (£f ^^n) ^^f ) i^R )(^t^p) (resp. (£i ®(z.) /:f )(^?op) ) if we 

envisage their actions on the extended (resp. diagonal) bihnear Hilbert semispace 
(resp. HZp )• 



3 Von Neumann semialgebras and bisemialgebras 

Definitions 3.1 a) Norm topology of bounded operators: Let {jC^®jCf){H^p) 
be the bisemialgebra of bounded operators acting from the topological extended bilinear 
Hilbert semispace H^^ into itself. 

Then, the norm topology for an operator Tr<SiTl E (8) £f will be defined by 

\\Tn ® n\\ = sup {WTnsZ x ns^W/WsZ x ^TW) > 

for every section ,s"^"^' G Af^"^ and G M^"^ C , since, if Cf{H^p) is the semialgebra 
of left bounded operators acting on the semisheaf M^^ of i^top ) norm topology for a 
left bounded operator is given by 

||r^lHsup(||T^.ril/||.ril) . 

b) An involution on the operator Tr^l is defined by 

h ■ Tr > T}, = Tl, 

iR ■ Tl y tI = Tr, 

such that (Ty'^^,Tls'°^) = {Trs'^I.Tls'I^) making Tr and self-adjoint. 

Definitions 3.2 Bisemialgebras of von Neumann on extended bilinecir Hilbert 
semispaces: a) A right (resp. left) semialgebra of von Neumann yiR^iillf^^) in 
the topological extended bilinear Hilbert semispace if^op is an involutive subalgebra of 

i^R^L^H^op) having a closed norm topology [19]. 

Similarly, a semialgebra of von Neumann Wi r^l[H^) in is an involutive subsemial- 
gebra of Ellfl_i,(M^^^) having a closed norm topology. 

b) A bisemialgebra of von Neumann M ijxL(-f^jtop ) in -f^Jtop ) is an involutive subbisemi- 

\ h \ h 

algebra of [Cr ® Cf){H^^^^ ) having a closed norm topology [19]. 

I h 

c) A bisemialgebra of von Neumann M rxl{H^) in the algebraic extended bihnear Hilbert 
semispace is also an involutive subbisemialgebra of {C^ (8) Cf) (H^) having a closed 
norm topology. 
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Proposition 3.3 Let Wl ^^^{H^) and Wl rxl{HJ) be respectively a semialgebra and a 
bisemialgebra of von Neumann on the algebraic bilinear extended Hilbert semispace . 

Let M^ i(i7^) and Wi ^■^^{H'^) be respectively a semialgebra and a bisemialgebra of 
von Neumann on the analytic bilinear extended Hilbert semispace . 

Then, we have the isomorphisms: 



Proof: This results immediately from lemma 2.15. 
Proposition 3.4 There exists an isomorphism 



{ 



top 



i rtop : Mr top > M},;^ (HJ,^^) 

between an algebra of von Neumann M|top on a linear Hilbert space h^top [26] and a 

S top 

semialgebra of von Neumann M ^ ^ (-f^/top ) on the extended bilinear Hilbert semispace 

-'-'rtop • 

I h 



Proof: Let V/top be a compact manifold of class C° (resp. C°° ) associated with 
Ml in the sense of [29] and let top be the corresponding stellar algebra of C° (resp. C°° ) 
functions on Vjtop with values in € . 

I h 

Then, a Fredholm module on A rtop is essentially given by the involutivc representation 

I h 

Ilrtop of A rtop in a linear Hilbert space /irtop and by a self-adjoint operator F . 

\ h \ h \ h 

Furthermore, an algebra of von Neumann Mr top in a linear Hilbert space /irtop is an 

\ h \ h 

involutivc subalgcbra of bounded operators £{h^top ) from /i|top to /i|top such that Mj-top 
be a(£.{h^top ), £(/i|top )^) closed. 

Now, it is clear that there is a one-to-one correspondence between: 

a) a Fredholm module on A /top and a subsemialgebra of £^ ^(i^T^^p ) since the extended 

\ h ' \ h 

bilinear Hilbert semispace i^f top can be considered as a representation space of the 

I h 

linear Hilbert space hr top covered by top [29]. 

b) the weak topological condition of closeness of a{C{h^top ),C{h^top )*) and the condi- 
tion of closed norm topology of £^^^(i7^t„p ) since £(/i|top )* is the dual of C{h^top ) . 
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As there is an isomorphism between a Fredholm module on yl/top and a subspace of 

I h 

J top 

C{hc top ) , we have the announced isomorphism i /top : Mr top — >-M^]^ (-f^jtop ) • ■ 

i h 

3.5. Shifted actions of differential bioperators on the representation spaces of 
bilinear semigroups: 

1. Let e Mji^l(H^) be a right (resp. left) differential hnear operator of rank m 
(i.e. operating on m variables) of the semialgebra of von Neumann M r^l{H^) ■ This 
operator T^"* (resp. T^"* ), noted in condensed form (resp ), is assumed 
to be associated with the action of a T^(iR)-semigroup structure (resp. a T^(iR)- 
scmigroup structure) on the right (resp. left) n-dimcnsional semisheaf Mr (resp. 
Ml ) of the extended bilinear Hilbert semispace , with m < n . Recall [3] that 
a T^(iR)-semigroup structure (resp. a T^(iR)-semigroup structure) on Mr (resp. 
Ml ) means a principal T4(-K)-bundle (resp. a r^(iR) -bundle) on Mr (resp. Ml ). 

2. Similarly, {T^ (g) T[') will denote the tensor product of the right and left differential 
operators ( and ) acting on the bisemisheaf (MrI^Ml) such that {T^®T^) e 
^Rxl{H^) be associated with a principal GL^{R x iR) = T^nilR) x r4(iR)-bundle 
on {Mr ® Ml) . 

3. Let (T^ X Tl) be the tensor product of a right and a left linear differential operator 
of rank m such that the action of (T^ (g) T^) be associated with a GL„i{JR x M)- 
principal bundle on the bisemisheaf {Mr® Ml) over the GLn{LjjX L„)-bisemimodule 
{Mr ® Ml) . Then, the action of (T^ (g) Tf ) on {Mr ® M^) is equivalent to: 

(a) consider the mapping 

® TE : M« > Mr^,^^ ® Ml^^^, 

from the bisemisheaf {Mr ® Ml) over the GLn{Ly x Lt,)-bisemimodule {Mr 
Mi) to the bisemisheaf (Mr„[^j » M^^i^] ) over^he GL„[^((L^® iR) x (L„®iR))- 
bisemimodule (Mr , , ® Ml , ,) such that (Mr , , ® M^ , ,) be a bisemisheaf 
shifted into (m x m) dimensions. 

(b) consider a shift into (m x m) dimensions of the functional representation space 
FRcpsp(G'L„(L:jT X L,.)) of the general bilinear semigroup GLn{Ly x Ly) leading 
to the homomorpliism: 

Tg^T^ : FRepsp(GL„ (L^xL„)) > FRepsp(G'L„[^]((L^(g)iR) x(L^®iR))) 
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where FRepsp(G'L„[m]((-Z^i7 ® -K) x [L^ M))) , denoting the functional repre- 
sentation space of GLn{L- x Ly) shifted into (m x m) dimensions, is the shifted 
bisemisheaf (M/j^^^j ®Ml^^^^ ) on the bisemigroupoid GLn[m]{{Ly®IR) x {L^^IR)) 
and is equal to: 

FRepsp{GLn[ni]i{Ljj® IR) x (L^ « iR))) 

= AdFRepsp(GL^(iR x IR)) x FRepsp(GL„(L^ ® L^) 

in such a way that [32] 

• AdFRepsp(GLj„(iZ? x M)) , being the adjoint functional representation 
space of GLm{IR x IR) , corresponds to the action of {T^ x T[') ; 

• FRepsp(G'L„(L- (g) L^)) , being the functional representation space of 
GLn{Ly X Ly) , correspond to the bisemisheaf (Mr Ml) ■ 

4. Similarly, the shifting "action" of {T^ ® T/^) on functional representation space of 
the bihnear subsemigroup GLn{{Z /N Z)^) would be: 

FRepsp(G'L„((Z /AT Z)^)) 

= FRepsp{Dn{{Z/N Z)^) x [UT^{Z/NZ) x UTn{Z/N Z)]) 
^ FRepsp(G'L„[„]((Z/iV Z)2 ® 

= FRepsp ((Z /iV Z)2 ® iR^) 

X [t/T^f^]((Z/7V Z) ^ X [/r„[^]((Z/7V Z) ^ iR^))] 

where: 

• FRepsp(D„[OT]((Z /N Z)'^ <Si IR^)) is the functional representation space of the 
subgroup of integer diagonal matrices of order n shifted into m dimensions . 

• FRepsp(C/T'„[TO]((Z/A^ Z) (8) IR)) is the functional representation space of the 
subgroup of integer unitriangular matrices shifted in m dimensions. 

5. And, the functional representation space of bilinear parabolic subsemigroup Pn{Lyi x 
L„i) would also be shifted into (m x m) dimensions under the action of (T^ ® T^) 
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according to: 

FRcpsp(P„((L^i X = FRepsp(D„(L^i x L,i) x [UT'^{L^.) x t/T„(L,i)]) 

y FRcpsp(P„[„,]((L^i ®E)x ® m))) 

= FRepsp(L'„[^]((V ® iR) X (L^i ® iR)) 

X (8) iR) X t/r„H(i^.i <H) iR))]) ■ 

6. On the other hand, referring to section 1.5, GLn{L^4^ x L"'') has GL{M'^ ® M'l'^) = 
r_R X Tl for bihnear (semi)group of automorphisms and has for pseudounramified 
conjugacy classes the biclasses 7(i)^ x , 1 < < 9 , if the set of fixed biele- 
ments is the smallest normal bilinear subsemigroup Pn{L!!.l x L"[) of M^^ ® M^^ ■ 
This smallest normal bilinear subsemigroup of GLn{L'^^ x L"'') is the n-dimensional 
equivalent of the product, right by left, of the global inertia subgroups II-. x of 
degree N'^ = 1 as introduced in definition 1.4 [27]. 

In this context, the action of (T^ ^T^) on [M^^MfJ") , associated with the principal 
GLm{IR X iR)-bundle on (MJ ® M£'') with group GLm{IR x IR) , leads to envisage 
that the bilinear semigroupoid GLn[Tn]{{L^^ ® IR) x (L^*" (g) iR)) , shifting in (m x m) 
dimensions, has GL{M'^ ^ ^ ® ^ j) = F^' x f|"^ for bilinear semigroupoid of 
shifted automorphisms and has for pseudounramified conjugacy classes the biclasses 
(7[™'l(i)RX7["^l(i)j^) shifted in (mxm) dimensions, if the set of shifted fixed bielements 
corresponds to the smallest normal bilinear subsemigroupoid P„[„i]((L!_"'®iR) x [V^® 
IR)) , i.e. the bilinear pseudounramified parabolic subsemigroupoid. 

The shifted pseudounramified conjugacy biclasses (7'™'(«)k x 7''"l(i)L) are in one- 
to-one correspondence with their unshifted equivalents (7(i)_R x '^{1)1) because the 
bilinear subsemigroup (F^' x F^') of automorphisms shifting in (m x m) real dimen- 
sions results from the principal ^-^^(iRx iR) -bundle on {M^ x M£^) and corresponds 
to the (m X n)-dimensional representation of the product, right by left, of the differ- 
ential Galois semigroups of the algebraic extensions L"^'^ and L'^''^ . 

7. GLn{Ly x Ly) has for bilinear subsemigroup of automorphisms FraF^^ x PraF^ and 
has for pseudoramified conjugacy classes the biclasses g{i)^x g{i)]^ if the set of fixed 
bielements is of dimension > 1 with respect to the basis of Mr ® Ml ■ These fixed 
bielements of gii)^^ x correspond to the product, right by left, of completions 
of degrees equal to A?" > 1 . 

Similarly, GLn[m]{{Lv <Si IR) x (L^, (g) iR)) has for bihnear subsemigroup of shifted 
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automorphisms (PraF^ x PraF^ ) and has for shifted pseudoramified conjugacy 

classes the biclasses {g^"^^{i)ji x ^''"'^(i)^) • 

As (PraF^*^^ x PraF^') is the bilinear subsemigroupoid GL{Mr^^^^ M^^j^^j) of 
automorphisms shifting in (m x m) real dimensions with respect to the biaction 
of (T^ (g) Tf ) on {Mr (g) Ml) , associated with the GL^X^i x iR)-principal bun- 
dle introduced in 3.), it is clear that the shifted pseudoramified conjugacy biclasses 
(g^™-\i)ji y< g^"^^{i)L) are in one-to-one correspondence with the unshifted pseudoram- 
ified conjugacy biclasses g{i)R x g{i)L ■ 

Proposition 3.6 The action of the differential bioperator {T^ (g)T^) of rank {m x m) , 
associated with a principal GL^i^R x lR)-bundle on the {n x n)- dimensional pseudo(un)- 
ramified bisemisheaf {M^^^ ®M^^^) , consists in mapping {M^^^ ^M^^^) into {M^^^ ^ g) 

Mr"'^^ ) shifted into (m x m) dimensions: 
such that: 

a) Mij^j^j^ (g Ml^i^j^ decomposes into shifted pseudoramified subbisemisheaves accord- 
ing to the shifted pseudoramified conjugacy biclasses x of the bisemi- 
groupoid GLn[m]{,{,L-® IR) x (L^, ®IR)) and with respect to the shifted automorphisms 
PraF^l X PraFf;*' of GLr^[m]{{L^® M) x (L^ (g) M)) as follows: 

i=l mi 

where the integer q is related to the dimension {q ■ A^)" of the algebraic basis of 
^Rnim]i^) ^''^^ ^K[m]i^) ' numbcr of Galois automorphisms. 

b) -/^R^j^j decomposes into shifted pseudounramified subbisemisheaves accord- 
ing to the shifted pseudounramified conjugacy biclasses (^) X7^^ (i) o/GL„[^] ((L^''® 
iR) X (L^ (g iR)) as /o//ou;s; 

, (g , = ®(^R, , (0 ® , (i)) 

^ ^ i=l mi 

where the integer q , i.e. the global class residue degree f^^ — q (see definition 1.3), 
refers to the algebraic dimension q^ of Mr' (q) and of M^'^ (q) . 
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Proof: 

1. The shifted bisemisheaf {M^Zym] ® ^K[m) 

is a biobject of the derived category 

d(Mr®Ml,IR®IR) ■ 

2. The algebraic dimension (g ■ A^)" of Mii^^^^{q) and of ML^^^^{q) corresponds to the 
number of Galois automorphisms while the algebraic dimension [q ■ N)"^ corresponds 
to the number of shifted automorphisms. 

3. The pseudounramified algebraic dimension is such that q corresponds to the num- 
ber of archimedean places of the semifields and . ■ 



Definition 3.7 Pseudoramified and pseudounramified algebraic dimensions: 

Until now, two kinds of algebraic dimensions have emerged: 

a) the "pseudoramified" algebraic dimensions i" A^" , referring to the Galois extension 
degrees being multiples oi N > 1. 

The shifted pseudoramified algebraic dimensions i"^ • N"^ referring to the dimensions 
of the m-dimensional representations of the differential Galois subgroups; 

b) the pseudounramified algebraic dimension referring to the n-th powers of the global 
residue degree i . 

The pseudounramified algebraic dimension i™" referring to the dimensions of the m- 
dimensional representations of the corresponding differential Galois subgroups. 

Consider for example the left ^^(L^J-subsemimodule My. C Ml (see section 1.5) having 
a rank m — ■ N'^ — • N'^ . Then, the pseudoramified algebraic dimension of M^. 
is equal to its rank m — i^- N'^ . 

Note that the geometric dimension of the ^^(LijJ-subsemimodule M^. is equal to " n " . 
So, the geometric and algebraic dimensions generally do not coincide. 

Proposition 3.8 Let M^^^^ ® M^^^"* denote the pseudo(un)ramified bisemisheaf over the 
real GLn{L^^^ x L^u^^^)-bisemimodule (M^^^ 0M^^^) isomorphic to its analytic counterpart 

Let {T^ (g) T^) be a differential bioperator acting on {M^^^ ® M^^^) and transforming 
them into the corresponding shifted bisemisheaves [M^^^^ ^ M^"^-*^) . 

Then, the bisemimodules [M^^^^ ®M^^^^) as well as their shifted counterparts (M^'^^^ 
M^^^^ ) are characterized by the following ranks or algebraic dimensions: 
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a) the pseudounramified hisemimodule ® M^*" has for algebraic dimension d = 

d 
i=l 

b) pseudounramified shifted bisemimodule M^^^^^ ® ^Kim] algebraic dimension 

'^2 * 2 

d = E ^" ^'^^ foi^ shifted algebraic dimension ds — '^i'^ ; 

i=l i=l 

2 

c) pseudoramified bisemimodule Mr Ml has for algebraic dimension d — ' / 

i=l 

d) pseudoramified shifted bisemimodule Mr^^^ has for algebraic dimension d — 

• NY and for shifted algebraic dimension ds — '^{i ■ N)"^ . 

i=l i=l 

Proof: This results from sections 3.5 and 3.6 and from [30]. ■ 

Proposition 3.9 Under the "action" of the bioperator (T^ ®T^) e M/^xil-f^^) of rank 
{m X m) , the Shimura bisemivariety 

dSo... = Pn{L^^ X L+) \GL„(L+^ x L+ )/GL„((Z/7VZ)^) 

is shifted into (m x m) dimensions according to: 

® : dSo,^, y dSG,.,,^,^, 

where ^^'S'g^^^.^j^j is the shifted Shimura bisemivariety given by: 

GL^[^]{{L+^ (8)IR)x (L+ ® ]R))/GL^[^]{{Z/N Zf® IE?) . 

Proposition 3.10 The bilinear cohomology semigroup of the Shimura bisemivariety 
dScny^L ^s shifted under the action of the differential bioperator (T^ ® Tf ) e M RxiiHt) 
according to: 



Tg ® Tf : H'^idSn^L, M'J ® ) 



2i 

2j[2fc] ' 



in such a way that the shifted bilinear Eisenstein cohomology decomposes according to the 
bicosets of the quotient bisemigroupoid 

GL2ji2k]iiLv iR) X (L^ ® lR))/GL2ji2k]ii^/N Zf® m") 
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as follows: 

where rrii refers to the multiplicity of the shifted suhhisemimodule {M'^^ ^^^^{i] rrii) 
Mj^ (i;mi)) . 

^2j[2k] ^ ' 



Proof: According to proposition 2.3 and the Langlands bilinear global program devel- 
oped in [29] and in [32], we have that 

i=l mi 

Then, the shifted bilinear Eisenstein cohomology verifies: 

H''-'\dSa,..Mr.v^L2k,^ ^ ^t.kj ^ FRepsp(GL2,[2.]((L,, ® M) x (L.^ ® IR))) 



i=l rrii 



such that: 

FRcpsp(GL2,[2;t]((I^^. ® iR) X (L,, ® iR))) = mJ^.^^^^ {t; m,) ® M^^.^^^^ (^; m,)) • 

Proposition 3.11 Let us fix the integers 

1 < ^R,L <j, i <kR<j and 1 < ur^l <k, 1 < vr < k 

with the condition that m < n . 

Then, the shifted bilinear Eisenstein cohomology decomposes into the direct sum of 
completely irreducible orthogonal or nonorthogonal shifted bilinear Eisenstein cohomologies 
according to: 

i=l m, eii=eL nfl.L ^ *i ^ 



= FRepsp(GL2j=2i+...+2,+...+2,[,]((^i;® iR) X (L^ ® iR)) 
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= e @H'^--'-u(dSGR^,Mrn],Ml {r,rn,)^Ml (i;m,)) 



where ^ two-dimensional shifted functional representation space over 

the r , {Ly^ ® IR) -semimodule. 



Proof: This proposition introduces the complete reducibihty of the bihnear Eisenstein 
shifted cohomology semigroup in complete analogy with the unshifted case developed in 
proposition 2.6 and accordig to 



Definition 3.12 Solvable bilinear Hilbert semispaces: 

1. Let ^ = {^iZ ^ ^SH=i ^® bisemisheaf of differentiable bifunc- 

tions 

M"'^ ® M^r^ = 0G. (XiJ ^ (j)G- {Xi, ) 

over the G'L„(lJ"^^ x Li''''^)-bisemimodule M^""^^ ® M^"''^ in such a way that m|J$) ® 
M^"'^^ is an extended internal (pseudounramified) bihnear Hilbert semispace Ha'^^^^ 
according to definitions 1.8. 

Then, the i-th class {Af^"^^ ®Mi™2^ }m, of ikfjj"'^'' ® M^"'^'' corresponds to the extended 
internal bilinear Hilbert subsemispace Ha'^^^\i) ; so that we get the towers 

//^■"^(l) C • • • C H^'-^ii) C • • • C H:'-^iq) , 
i/+(l)C---Ci/+(i)C---Ci/+(g), 

of embedded pseudounramified and pseudoramified bilinear Hilbert subsemispaces. 

Taking into account the isomorphism between the algebraic and analytic bilinear 
Hilbert semispaces and , corresponding towers of embedded analytic bilinear 
Hilbert subsemispaces can also be envisaged: 

H:'-^{l)c■■■CH:'-{^)c■■■CH:'-\q), 
//+(l)C---C//+(i)C---C//+(?). 
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2. Let M^; (8)(D) Mf = 0(M^':^. (g)p) M^.!'^.) be the decomposition of the bisem- 

isheaf over the GL„(Lg^ x L"^ )-bisemimodule M|j^ M£^ . Then, the algebraic 

pseudounramified extended (resp. diagonal) bilinear Hilbert semispace H^^"^ (resp. 
Ha^'^ ) decomposes according to: 

^""^ = H^'-'^{^) (resp. 7^^- = ) 

i=l 1=1 

where M^[.^^ ® M^m, - H^'^'i^) ■ 

So, we can construct a tower of direct sums of embedded algebraic pseudounram- 
ified extended (resp. diagonal) bilinear Hilbert subsemispaces 

K'-^il} C • • • C H^'-^iz} C • • • C H+'-^{q} 

such that: 

v=l 



i/=i 



i^=i 



refer respectively to the g-th, i-th and i-th state of , -ff,^'"^ and 'H''^^-\-a ■ 

3. Considering the isomorphism between the algebraic and analytic bisemimodules 
{M^ (8(D) MfJ") and (M^'™ M^''^^) , a tower of direct sums of embedded ana- 
lytic pseudounramified extended (resp. diagonal) bilinear Hilbert subsemispaces also 
exists: 

and 

nr'{l}C---G'Hr'{z}G---Gnr'{q} 

such that: 

. H^'-^iq} ^ i/J- = H^'-^iu) , 

i/=i 
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refer respectively to the g-th, i-th and i-th state of if^ '"^ , i?^ '"^ and "H^ '"'^ . 

4. If the decomposition of the pseudoramified bisemisheaf Mrj;^0{d)Ml over the GLn{LyX 
Lt,)-bisemimodule Mr^ ^{d) Ml is envisaged, then the algebraic pseudoramified bi- 
linear Hilbert semispaces and "Hj" decompose according to: 



• nt{i}^®n+{j); i<j<i, 



where 1 < i < q . This leads to towers of direct sums of embedded algebraic 
and analytic pseudoramified bilinear Hilbert subsemispaces, i.e. towers of states 
of these bilinear Hilbert semispaces , , H'^ and : 



. C---Ci/+{Oc---C//+{g}, 

. H+{l}c---CH+{i}c---CH+{q}, 

. nt{i}c---cnt{i}c---cHt{q} , 

where = . 



The towers of embedded bilinear Hilbert subsemispaces lead to consider that these 
bilinear Hilbert semispaces are "solvable" and thus graded. 

Definition 3.13 Projectors: (a) Let 



H^'-^{1) C ■ ■ ■ C Hp-^{z) C ■ • ■ C if , 
if+(l)C---Cif+(i)C---Cif+(?) 



• K{^} 
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be the two towers of embedded pseudounramified and pseudoramified bilinear Hilbert 
subsemispaces introduced in section 3.12. 
Then, the following projectors: 



IRXL 
J 

l-RxL 

can be introduced, as it is done classically, in such a way that: 



pIrx. ■■ > H:ii) , 



• pI^^Y'^ projects H^'^'^(q) onto the i-th pseudounramified bihnear Hilbert subsemis- 
pace ; 



jfac 
^a^(0 ■ 



PiRxL W^iects H^{q) onto the i-th pseudoramified bilinear Hilbert subsemispace 



(b) Let H^^ be an extended bihnear Hilbert semispace decomposing according to: 
• = ©^a+{0 such that H+{i} = H+{u) ; 

i=l v=l 

or • = ^^'"''{0 such that = ■ 

i=i j=i 

Then, we can define the (bi)projectors of states: 

PiRx. ■■ < — y H^i^} , 

mapping -f^j^"^ respectively into its closed extended bilinear subsemispace which 
is the i-th (bisemi) state. 

The (bi)projectors P^j^^^^ and -Pi^^i idempotent (bi)operators in such a way that 
the mappings they generate are inverse deformations (of Galois representations) as proved 
by the author elsewhere [31]. 

Proposition 3.14 The operator T^^(Prar^j^) (resp. ^{V^^\) ) is a random op- 
erator decomposing into a set of operators {Tjli^{g^^\{i))}i (resp. {T^]^{'^^^{i))}i ), 
\/ 1 < i < q according to the shifted pseudoramified (resp. pseudounramified) conjugacy 
classes of GLn[m]{L^^ ® Si) associated with the Tm (iR) -principal bundle. 
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Proof: Indeed, according to section 3. 5, a random operator T^^(Prar^j^) = 

{TUatlmUi (r^^P- T^^LlrS) = {Ti;^(7S(0)}Li ), acting on an extended bi- 
linear Hilbert semispace Ha^^^^ , is a set {T^ j^{g^^\{i))}1^i G {M (resp. 
{TR,L{lR^}L{i))Yi=i e {Mi^,L(i/^''^^(i))} ) such that the bihnear form: 

(resp. tR^ix.v) = {T^{,1^r\ij)) e%el)) 

or 

t^(£,m) = (eiTf(^i™]M)er) 
(resp. ta/.,^.) = {e%TE{i^r\^))el)) 

be measurable. 

Wi ji^l{H^ {i)) (resp. Wl ^^^{H^'"'^ (i)) ) is a von Neumann subsemialgebra relative to 
bounded operators on a closed connected subsemispace H^'^"'^\i) of Ht'^""^^ referring to 
the i-th conjugacy class of GLn{L^^'' x L^,"'"^) . 

These considerations are made in complete analogy with what is known for random 
operators on linear Hilbert (semi)spaces [9]. ■ 

Proposition 3.15 1) Let Tj^ ^{g^^\{u)) and ^{g^^\{v)) be two right or left random 
operators such that u < v . Then, the random operator ]^{g^^\{v)) is an "extension" 
of the random operator Tl^^^{g^^]^{u)) corresponding to a difference of conjugacy classes 
{v — u) . 

2) Let r^i,(7_Rl(*^)) '^R,L{'yE^L{p)) two right or left random operators such that 
< p . Then, TEj^{^^^\{p)) is an "extension" o/T^^(7j^]^(o)) corresponding to a difference 
of conjugacy classes {p — o) ■ 

Definition 3.16 Towers of pseudoramified and pseudounramified von Neu- 
mann subsemialgebras: (a) In connection with the definition 3.13 introducing 
towers of direct sums of embedded bilinear Hilbert subsemispaces, we shall define here 
towers of sums of random operators: 

(resp. Ti;,(7S{i}) = TgJl^-lU)) ), 
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such that 

(resp. TE,dl^^l{^}) e M ^.^i/^'-' j^}) ), 

where M jiAH^{i}) (resp. M ji L{H^'"-^{i}) ) is the pseudoramified (resp. pseudounram- 
ified) von Neumann subsemialgebra of the i-th state referring to the i-th sum of random 
operators. 

So, a tower of pseudoramified and pseudounramified von Neumann subsemialgebras of 
states can be introduced by: 

MR,Lm{l}) C • • • cMR,Lm{t}) C • • • cMR,LiH^{q}) , 
(resp. MH,4if„^'-{l}) C • • ■ C M«,4i/„^'-{z}) C • • • C M«,4i/„^'-{g}) ), 

such that 

Mn,4H^{z}) = ^Mn,L{H^{j)) 
j=i 

(resp. M«,4i/„^'-{z}) = M«,4i/„^'-(j)) )■ 
(b) Similarly, on the towers 

and H^{l)G---GH^{t)G---GH^{q) 

of analytic Hilbert subsemispaces introduced in definition 3.12, the corresponding towers 
of pseudounramified and pseudoramified von Neumann subsemialgebras will be given by: 

Mn,L{H^'^''{l)) C • • • C M«,4i/,^'"^(i)) C • • • C Mn,L{H^'^''{q)) , 1 < i < g < oo , 
and by 

Mn^Hf^il)) C • • • C MR^Hf^d)) C • • • C MR^Hf^iq)) . 



Proposition 3.17 LetM r^H^'^'^''') be the von Neumann semialgebra of bounded self- 
adjoint operators on the smooth extended bilinear Hilbert semispace Ha'^^^^ ■ 

Le^Mi?,i(//^'^"''^{0) be the von Neumann subsemialgebra of random operators on the 
closed smooth extended bilinear subsemispace H^'"^^{i} and let M. RAT-L^''^^{i}) be the 
corresponding von Neumann subsemialgebra on the closed smooth internal diagonal bilin- 
ear subsemispace . 
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Then, the discrete spectrum <j[T^i) of an operator T^j^ e M. R^L{Ha'^^^^) is obtained 
by the morphism: 

TR,L > 

where ^ and i'^.^o are given by: 

Hi}R. 



Proof: First remark that M is a non-abelian von Neumann semialgebra since 

the extended bihnear Hilbert semispace Ha'^"'^^ constitutes the enveloping (semi) algebra 
of the semimodule M^^^ (resp. M^^'' ). 
The morphism 

(resp. ri:^(rg:l) — , [TEAi^-lm ), 

transforms the bounded operator T^^(Prar^]^) (resp. TR^^^rl) ) into the set 
[^R^Llfl'^iiO)]* (resp. [r^L(7^i{0]i bounded operators (i.e. sums of random oper- 
ators acting on closed subsemispaces whose sums of enveloping subsemispaces 
are H^'^^'^i} ). 

On the other hand, the isomorphism i^.^^ 

[TE,Li9^^[{^}]^ > a{TgA , 

(resp. [r|^(7K{0]. > ^nr{TiAl 

transforms the non-abelian von Neumann subsemialgebra M^ i(if^'*-"^^''{i}) into the abelian 
or diagonal von Neumann subsemialgebra M /^^^('Ha '*^"'^^{«}) of sums of random operators. 
[M /j^i('Ha is then an algebra of the sum of random operators acting on diagonal 
enveloping subsemialgebras ("Ha '''"''^{^}) • <^{T^i} (resp. (^nriT^j} ) is thus the pseudo- 
ramified (resp. pseudounramified) spectrum of the bounded operator T^^ . ■ 
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Corollary 3.18 Let M ^xlI^^^'^'"''^) be the von Neumann bisemialgebra of bounded bi- 
operators Tj^ ® T[' on H^^'^™'^ and let Wi rxl{H^''^'^^^ {i}) be the i-th corresponding von 
Neumann subbisemialgebra of the sum of random bounded bioperators on Ha'''"'^\i} ■ If 
M^^^('HJ{?}) is the i-th von Neumann diagonal subbisemialgebra of random diagonal 
bioperators T^{i} T['{i} on 'H'^'"'^{i} , then the discrete spectrum cr(T^ T£) of 
{T^ ®Tj^) e M. RxL{Ha'^™'^) is obtained by the morphism: 

where T^^^^ is the condensed notation for (8> . 

Wl ji^L(Ha'^''^^^) then corresponds to a solvable (bi)semialgebra. 

Proof: This corollary is an extension of the preceding proposition to the bioperator 
{Ti{TR)®TE{TL)). 

3.19. Shifted global pseudounramified (resp. pseudoramifed) elliptic bisemi- 
modules: Referring to proposition 3.6, the action of the differential bioperator (T^ ®Tl) 
on the bisemisheaf {M^^^^ ® M^^^^^) over the GLn{L^^^ x Li"''"'')-bisemimodule {M^^^ 
M^l^^^) consists in mapping it into the shifted bisemisheaf (M^^^ ^ mI"^"*^) over the 
GLnimiiL'^'''^ ® iR) X (Li""^ ® iR))-bisemimodule (M^T''^ M^J"'^ ) such that (mJ""^ ® 

Mr"'^'' ) decomposes into " q " subbisemisheaves. 

But, according to proposition 2.10 referring to the Langlands global program introduced 
in [29], there is a bijection between the GLn{L^^^ x Li™^)-bisemimodule 
(M^j™"* (8) m}^™"*) and its cuspidal counterpart given by the global pseudoramified (resp. 
pseudounramified) elliptic G^^^^-bisemimodule: 

ELLlPijxL(n,g) = j^Y. Kn:i:mi)e-^'''^'>' ® f2Y. Kn:i:mi)e^'''^^^ , z eR"" , 

i=l mi 1=1 TUi 



1 . . 1 



(resp. ELLIP^'-^^(n, g) = E E KM i, m,)e-2-»- ® E E A 



n, I, rrii e 



nr V ''5 ^1 



2iTi(i)z 



i=l mi i=l mi 
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such that we have the commutative diagram: 



nr 

^ T 

'n|m] -^n[m] 



ELLIP-^(n,g) ELLIP- ^(n[m], 



, — ^ — T^®T^ ■ — 

Mr ® Ml — — ^ Mr. ,®Ml , , 

where ELLIP^x^(n[m], q') (resp. ELLIP^''j^^(n[m], gr) ) is the shifted global pseudounrami- 
fied (resp. pseudoramified) eUiptic ((Gs^ ® IR) x {Gg^ ® i?i)-bisemimodule. 

As an application of proposition 3.17, we suggest the following proposition [32]. 

Proposition 3.20 The shifted global pseudounramified (resp. pseudoramified) n- 
dimensional elliptic bisemimodule 

ELLIP'^"^ ^(n[m], q) = ELLlP';j' (n[m], q) ® ELLlP2"(n[m], g) 
(resp. ELLIPi^xL(n[m], q) = ELLIP R{n[m],q) ELLIP^ (n[m], g) ), 

gives rise to (or is functorially equivalent to) the eigenbivalue equation of the i-th (bi) states: 

{T^ ® )(ELLlP^''(n, i) ® ELLlP2''(n, i) 

= E'^{n, i} X EY{n, i] ■ (ELLIP^''(n, i) ® ELLIP2''(n, i) , 1 < i < g , 
(resp. {Ti®TE){EhUPR^L{n,i)) 

= ER{n, X ElUu, • (ELLIPflxL(ri, i) ) , l<i<q. 

Proof: 

1. The shifted global pseudounramified elliptic bisemimodule ELLIP^^^^(n[m], g) gen- 
erates the eigenbivalue equation: 

ELLIP- ^(n[m],i) = Jn, 0)(ELLIP- ^(n, i)) 

which can be rewritten according to [32]: 

(T^^Tf )(ELLIP- = {E^^M x i)}(ELLIP- ^(n, i)) 
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where the right (resp. left) eigenvalue E'^^{{n,i} (resp. E2'^{n,i} ) corresponds to 
a sum over the i first pseudounramified algebraic classes of shifts into m dimen- 
sions of the Hecke characters Xnrin^v.niy) (resp. \nr{n,v,mi,) ) i.e. to infinitesimal 
generators of the considered Lie algebra, 1 < i> < i . 

2. The bisemialgebra of von Neumann MflxL(^^''"') can then be considered as a solv- 
able bisemialgebra generating a tower of sums of pseudounramified von Neumann 
subbisemialgebras according to definition 3.16. On the other hand, the set of pseu- 
dounramified eigenbivalues of {T^ (8) T[') forms an embedded sequence: 

E^^^{n, 1} • E2^{n, 1} C • • • E-^^{n, t} ■ EY{n, C • • • E-{n, q] ■ EZ{n, q} 

in one-to-one correspondence with the set of embedded eigenbifunctions given by the 
product, right by left, of the truncated Fourier series at " i " terms: 

iy=l nil, v=l mi/ 

3. The proof was given for the "pseudounramified" case, taking into account that the 
"pseudoramified" case can be handled similarly. ■ 



Proposition 3.21 The discrete spectrum a{T^,i^ ) of {T^,^ ) eM r,l (-^^'^"''0 the 

RxL RxL RXI^ 

discrete spectrum a°'{T%L ) of {T%l ) r,l (Ha'^^^^) are isomorphic (and often equal). 



Proof: Consider the commutative diagram: 



R,L R,L 



.VI R,L 

RxL ' ' RxL 

{'} R,L 
RxL 



{»} R,L 
RxL 



[M ... [U R,L {H^'^-'^\z})], 



RxL 



• R,L 
RxL 



RxL 



■a — h 
O R,L 



n,L [M i 

RxL RxL 



where 



the isomorphism %a ^ _m'> ^ has been introduced in proposition 3.3; 

RxL RxL 
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• the morphisms i^^j. ^ ^ and i"^^ ^ ^ result from the decomposition of M r,l {H^'^^^^) 

RxL RxL 

and of M R,L r//?'^"''^) into sums of pseudounramified or pseudoramified subbisemi- 

RXL 

algebras (see definition 3.16). 



Prom the isomorphism , it results that the discrete spectrum a{T^ ^ ) of ^ £ 

RXL 

M R,L [Hl^'-'"'^) and the discrete spectrum (t''(T^^ ) of T^^ e M r,l {H^'^"^"^^) are isomor- 

«xi RxL RxL Rxl- 

phic. So, we get the thesis. ■ 



3.22. Factors of von Neumann: 

• We are now interested in the classification of the factors of von Neumann, i.e. in von 
Neumann algebras having trivial centers (reduced to C ). According to definition 
3.16, we sec that two types of towers of von Neumann sub(bi)semialgebras have been 
introduced: 

- the first referring to pseudounramified (algebraic) cleisses of the bihnear 
Hilbert semispaces -ff^'"^ (or H^'^^ ) on which they have been defined; 



- the second referring to pseudoramified (algebraic) classes of the bilinear 
Hilbert semispaces (or ). 



So, the classification of factors of von Neumann will be based on these two types of 
towers of von Neumann subsemialgebras on bilinear Hilbert (sub) semispaces which 
are associated with Hecke sublattices as developed in proposition 2.3 (proof). As 
a result, the dimensions of the factors of von Neumann will directly refer to Hecke 
sublattices. 



• The bilinear Hilbert semispaces , isomorphic to , constituting the natural 
representation spaces of the von Neumann (bi)semialgebras, were supposed to be 
pseudoramified in the sense that the GLn{Ly x L„)-bisemimodule {Mr^ (8) Ml) is 
pseudoramified. That is to say that the T„(L^. )-subsemimodule My. (as well as 
My^ ) has a rank given by rii — i^- N'^ (see section 1.5). 

On the other hand, the corresponding pseudounramified T„(L"[)-subsemimodule M".'' 
would have a rank nY — according to [29], which allows to envisage the intro- 
duction of pseudounramified bilinear Hilbert subsemispaces, noted H^^{i) , as it was 
defined in section 3.12. 
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Proposition 3.23 (Classification of (bi)factors of von Neumann with respect to 
algebraic dimensions) 

1. Type li : on the pseudounramified bilinear Hilbert semispace H'^^ , there are q 
factors M. ji^L{H^^ (i)) of type li,l<i<q<oo, where i denotes a global residue 
degree. 

2. Type IIi ; on the bilinear Hilbert subsemispace H^'^^[L:^i x restricted to the 
representation space of the bilinear parabolic subsemigroup Pn{Ljji xL^i) , there are N 
subfactors 

^ R,L{H^^^{i)) , 1 < i < N , of type IIi. , where i denotes an internal algebraic 
dimension corresponding to the number of automorphisms of the global inertia sub- 
group. 

The factor Mr^l{H^''''{N)) is the factor of type IIi . 

3. Type II(oo) ■ on the tensor products H^{i) = H^'^'{i) H^'^'^{N) of the pseu- 
dounramified bilinear Hilbert semispace H^^ii) by the bilinear Hilbert subsemispace 
H^'^^{N) , there are q pseudoramified factors Mi r^l^H^'^ {i) ®H^[N)) of type II(oo) , 
1 < i < g < oo , where i denotes a global residue degree. 

4. Type IIoo •' on the tensor products if^''(oo) (g) H^'^^{j) , 1 < j < N , the factors 
MR,L{H:'{oo))®MR,L{H^''-{j)) , of type 11^ are defined. 

Proof: 

1. As there are q conjugacy classes of the pseudounramified bilinear Hilbert semispace 
H'^'^ , there are q "pseudounramified" factors M. R^L{H^^{i)) in the tower: 

Mr,l(H:^(1)) C • • • C M«,i(i/r(i)) C • • • C M«,i(//r(g)) 

as introduced in sections 3.12, 3.13 and 3.16. 

So, there are q factors of type li,l<i<q<oo with minimal projections. 

2. If we consider the N internal conjugacy classes of the bilinear parabolic semigroup 
Pn{Lyi X L^i) corresponding to the (shifted) intermediate inner automorphisms of the 
global inertia subgroups having an order N , we can introduce on if^[L^i x L^i] 
a tower of inner hyperfinite subfactors [23] , [24] : 

Mr,l{H^''^\1)) C • • • C MR^L^Hf^^i.^) C • • • C MR^L^Hr^'m 

in such a way that: 
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• the index [M ^^(^^^'"(O) '■ M i?,L(i/^''"(l))] = i of the i-th hyperfinite subfactor 
with respect to the first hyperfinite subfactor is the internal algebraic dimension 
(see section 3.7). 

• the upper hyperfinite subfactor M^^/^(iJ^'"^(A^)) is the hyperfinite factor of type 
III having an index N and corresponding to the order of the global inertia 
subgroup II^. . 

Indeed, if we take into account proposition 2.9, the Hecke characters on sublattices 
associated with M. R^iiH^'^^i)) , I < i < N , must take values in the interval [0, 1] : 
they then correspond to the continued dimensions [17] of the classes of the projectors 
of the subfactors of type IIi of von Neumann algebras on a linear Hilbert semispace. 

3. As on the pseudounramified bilinear Hilbert subsemispaces H^^{i) , pseudo- 
unramified factors M R^L{HY{i)) of type Ij are defined and as, on the bihnear Hilbert 
subsemispace H^'^^{N) , a factor of type Hi is defined, it is evident that, on their 
tensor products H2^{i) <E) H^''-^{N) , pseudoramified factors of type Ilj , characterizd 
by minimal projections, 1 < i < q < oo , can be defined, the factor of type Hi 
"ramifying" the pseudounramified factors I^ . 

4. And, then, the classical factors of Araki- Woods [1], [15] of type IIqo correspond to 
the factors MR,L(i/7(i = oo)) ®M R^L{H^''''{j)) ,l<j<N, where 

• M.R^L{H2^{i = oo)) is the pseudounramified factor of type loo ; 

• Mij_x,(i7^'"^(j)) is the hyperfinite subfactor of type IIi^. . ■ 

CoroIIciry 3.24 The equivalent of a factor of type lllx can he obtained by considering 
the cross product of the factor 11^ by a subgroup of automorphisms of it [1], [15]. 

Proof: Indeed, a factor Mx of type Mx [28] is isomorphic to the cross product of a 
factor " TV " of type IIoo by Aut " N " [14], [16], [33]. ■ 
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